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GEOMETRIC PROGRESSION

A sequence of non-zero numbers is called a geometric progression (abbreviated as G.P.) if the ratio of a term and the
term preceding to it is always a constant quantity.

The constant ratio is called the common ratio of the G.P.

In other words, a sequence, as, ay, a3, ..., an, .... is called a geometric progression if

An+1
an

= constant for all n € N.

Geometric series
If a1, az, a3, ... an, ... is a G.P., then the expression

ai+az+as+...+an+..is called a geometric series.

Note that the geometric series is finite or infinite according as the corresponding G.P. consists of finite or infinite
number of terms.

The nth or General term of a G.P.

THEOREM 1: Prove that the nth term of a G.P. with first term a and common ratio r is given by
ap=ar"!
PROOF: Let a1, @2, @3, ..., An, ceeeee be the given G.P. Then,

ai=a D aj=ar!

Since ay, a, a3, ..., an, .... is a G.P. with/common ratio r. Therefore,

as _ _ _ _a2-1
— = D a=aif > a=ar— a=ar
aq
a
B s azaroas(a)r=azarr=a=arr L
as
a
24 crosafzarsS as (@) roa=ar > az=art!
as
Continuing'in this manner, we get
ay=ar"!
NOTE : It follows from the above discussion that if a is the first term and r is the common ratio of a G.P.,

then the G.P. can be written as a, ar, ar?, ..., ar" " or, a, ar, ar?, ar?, ar%, ..., ar"™?, ... according as it is
finite or infinite.

nth Term from the end of a finite G.P.
Theorem 2: Prove that the nth term from the end of a finite G.P. consisting of m terms is ar™ ~", where a is the
first term and r is the common ratio of the G.P.
Proof: Since the G.P. consists of m terms. Therefore,
nth term from the end = (m — n + 1)th term from the beginning

=arm"
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Theorem 3: Prove that the nth term from the end of a G.P. with last term £ and common ratio r is given by a,
-1
1 n
r
Proof : Clearly, when we look at the terms of a G.P. from the last term and move towards the beginning we

n—1
find that the progression is a G.P. with common ratio 1/r, So, nth term from the end = E(—J

r
lllustration 40

Find the 10th term of the sequence 1, 2, 4, 8, ......
The sequence 1, 2,4, 8, ....is a G.P. with C.R. = 2.

nth term in G.P. = ar"™,
Herea=1%term=1,r=C.R.=2andn=10

10th term =1.(2)11=2%=24x25=16 x 32 = 512.

lllustration 41

(i) Write down the 20th term of the G.P. 1,-1,1,—1, .....
1 1
(ii) Write down the 5th term of the series 1 2 +1-—...
(i) Here a=1term =1 and r = Common ratio = -1
20thterm=a. (r)® 1=1.(-1)¥=1.(-1)=-1

1
(ii) The given series is a G.P. with CR.=—2and a = 2

S5thterm=a(r)°*= % x 16 =4

lllustration 42

In a G.P. the product of the first threeterms is27/8. Find the middle term. (Assume that the terms are positive).
Let a be the first term and r be the commonratio of the G.P. Then the first three terms of the G.P. are 3, ar, ar.

3
axarxar’s= 2—7, or, a’r = 27 or, (ar)®= 3 ; o.oar= 3
8 8 2 2

Hence the middle termis‘ar= g

lllustration 43

The 4th, 7th and 10th terms of a G.P. are a, b, c respectively. Show that b? = ac.
Let a1'be the first term and r the common ratio of the G.P.
Then 4" term = ay(r)** = air?, 7thterm = a1 (r)’ " =air®
and 10th term = a4(r) = a,r®.
a=air’ b=airfand c=asr’.
b2 = (a1r®)? = a;’r? and ac = air® . air® = a,? r%

Hence b? = ac.
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lllustration 44

The 6th and the 13th terms of a G.P. are 64 and 8192 respectively. Find the 10th and nth terms of the G.P.
Let a be the first term and r be the common ratio of the G.P. Then, nth term of the G.P.=ar" .

6thterm=ar®~'=ar’, and 13thterm = ar3-! = ar'2.

ar=64 .. (1) andar?*=8192 .. (2)
12
Dividing (2) by (1), & = 8192 (1172128227 ; - r=2
ar® 64

From (1),a.2°=64,0r,32a=64; ..a=2
10th term of the G.P. =arl®~1=2,(2)°=21°= 1024
and nth term of the G.P.=ar""1=2, (2)""1=2"

lllustration 45

Is it possible that three different numbers a, b, c may be both in A.P. and in G.P. Give reasons for your answer.
If possible, let a, b, c be both in A.P. and in G.P. Then, we have

a+tc=2b ... (1) and ac = b? )
From (1), (a + c)* = 4b* = 4ac.
or, (a+c)2—4ac=0, or, (a—c)*=0; Soasc
But a, b, c are three different numbers (given) C.a#C.

Hence three different numbers a, b, c cannot be both in A.P..and in G.P.

lllustration 46

Find the 5th term of the progression

L (2-1) (3—2\5} (5&—7}
T 2y3 | 12 )| 2443

Clearly, the given progression is'a G.P. with first term a = 1 and common ratior = (—_] So, its 5™ term is given by

243

JE—14_(J§-1)4
2J3 ) . 144

a5=ar(51’=1x(

lllustration 47

The first term of a G.P:’is 1. The sum of the third and fifth terms is 90. Find the common ratio of the G.P.
Let r be the common ratio of the G.P. It is given that the first term a = 1.
Now,asz+ as = 90

= ar’ +ar*=90
= rP+r*=90=r*+r2-90=0=r*+10r*-9r*-90=0
= (r’+10)(r’=9)=0 = rr—9=0 =>r==+3.
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lllustration 48

If the first and the nth terms of a G.P. are a and b respectively and if P is the product of the first n terms, prove that
P? = (ab)".
Let r be the common ratio of the given G.P. Then,
A
b=nthterm=ar" = 1= b =>r= (Ej“_1
a a

Now, P = Product of the first n terms

= P=a.ar.ar’..arm !
f— pP=23a" r1+2+3+...+(n—1)
-1
N n-1 n(n-1)
= P=a"r “1+2+3+...+(n-1)= 7 (1+(n—1)) = -
n(n—1)
1] 2
1 n/2
a a

P?= [(ab)"?)* = (ab)"

lllustration 49

The third term of a G.P. is 4. Find the product of its first five terms.
Let a be the first term and r be the common ratio. Then,
az=4 =ar’=4 (i)
Product of first five terms =a;a;as as as
= a(ar) (ar¥)4ar®) (ar?)

=a’r = (ar?)° = 4° [Using (i)]

lllustration 50

If the pth, qth and rth terms of a G.P. are a, b, c respectively. Prove that :
ala-1 _ pl=rp  cle-a=q

Let A be the first term and R be the common ratio of the given G.P. Then,
a=pthterm = a=ARP-Y,b=qgthterm =b=ARE"Y,

and, c=rthterm = c=AR?Y

Now, ala=r pl=r) -0

= {AR(p‘1) }(qfr) _{AR(CH) }(rfp) _ {AR(r—1 ) }(pfq)

= A= RP-Yla-r Alr-p) Rla-1(r-p) Alp—a) Rlr-1)(p-a)
= Ala-r+r—p+p-a) RlP-1a-r+(a-1)(r=p)+(r=1)(p-a)

= AP RpP@-n+alr=p)+rlp—a)—(a—r)—(r—p)-(p-al= AORO = 1
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lllustration 51

If a, b, c are respectively the pth, qth and rth terms of a G.P., show that

(q—r)loga+(r—p)logb+(p—q)logc=0.
Let A be the first term and R the common ratio of the given G.P. Then,

a=pthterm=a=AR""! = loga=logA+(p—-1)logR ... (i)
b=qgthterm=b=AR"" !=logb=logA+(q—1)logR ... (ii)
c=rthterm=c=AR"!'=logc=logA+(r—1)logR ... (iii)

Now, (q-r)loga+(r—p)logb+(p—q)logc
=(q—r){logA+(p—1)logR}+(r—p){logA+(q—1)logR}+(p—q){log A+(r—1)logR}
[Using (i), (ii) and (iii)]
=log A{lq—r)+(r—p)+(p—a)l+ log R{(p-1)(a—r)+(q —1) (r—p) +(r—1) (p —q)}
=logA.0+logR{p(g—r)+a(r—p)+r(p—q)—(g—r)—(r—p)—(p—qg)=slog A.0+logR.0=0.

Find all sequences which are simultaneously an A.P. and a G.P.

Let < a, > be a sequence which is both an A.P. and a G.P. Let ay, an+1, an+2 be three consecutive terms of the A.P., then
2an+1=an+tan+2,N=1 (i)

Let r be the common ratio of the sequence when it is considered a G.P. Then,

n+1

an=airm Y ansi=arrmandans2=arr
Putting these values in (i), we get 2a;r"=a;r"1+a; r*?t
= 2r=1+r =>r2-2r+1=0 = (r-1)’=0=>r=1

S0, a1 =a;=as=....i.e. the constant sequence is the only sequence which is both an A.P. and a G.P.

In a finite G.P. the product of the terms equidistant from the beginning and the end is always same and equal to the
product of first and last term:
Let ay, a3, a3, ..., an—1, an be a finite/G.P. with common ratio r. Then, for any k,

ax = kth term from the beginning = a; r**.

k—1
an_k+1 = kth term from the end = an[—j ,Wherel<k<n.
r

k—1
Now, ak.ank+1:a1rk‘1an(—j =aianforalll<k<n.
r

Selection of terms in G.P.
Sometimes it is required to select a finite number of terms in G.P. It is always convenient if we select the terms in the

following manner.
No. of terms Terms Common ratio
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a

3 —,a,ar r
r
a a

4 -7;,——,ar,ar3 r?
r r
a a

5 <2 2 aar ar? r
r2r

If the product of the numbers is not given, then the numbers are taken as a, ar, ar?, ar>, ....
lllustration 54
If the sum of three numbers in G.P. is 38 and their product is 1728, find them.

a
Let the numbers be — , a, ar. Then,
r

Product =1728 = i. a.ar=1728 > a*=1728 = a=12
r
Sum = 38

a
= — +a+ar=38
r

= a(1+1+r)=38
r

2

1+r+r

= 12 [—J:38:6+6r+6r2=19r.
r

= 6r’—13r+6=0= (3r—2)(2r-3)=0=r=3/2 orr=2/3
Hence, putting the values of a and r, the required numbers are 8, 12, 18 or 18, 12, 8.

If the continued product of three numbers in G.P. is 216 and the sum of their products in pairs is 156, find the
numbers.

Let the three numbers be a/r, a;ar. Then,

Product =216 = a/r.a.ar=216 =>a*=216=>a=6

Sum of the products in pairs=,156

a a
= —.a+aar+—.ar=156
r r

= a2(1+r+1j:156
r

1 2
— 36 [uj =156
r

= 3(rPP+r+1)=13r =3r*-10r+3=0
1
= (3r—1)(r—3)=0:r=§orr=3

Hence , putting the values of a and r, the required numbers are 18, 6, 2 or 2, 6, 18.
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lllustration 56

Find three numbers in G.P. whose sum is 13 and the sum of whose squares is 91.
Let the three numbers be a, ar, ar?. Then,
Sum=13=a+ar+ar’=13=a(l+r+r?)=13 (i)

Sum of the squares =91

a’+a’r’+a’r*=91=a}1+r’+r%) =91 (1))
a(l+r+r?)=13

a?(1+r+r?)?=169

a%(1+ri+rf)+2a%r(1+r+r?) =169

91+2arf{a(l+r+r?)}=169

91 +2arx 13 =169 [Using (ii)]
ar=3 [Using (i)]

U UUUUU?U

a=> ...(jii)
r

3
Putting a= — in (i), we get
r
§(1+r+r2)=13
r

= §+3+3r=13:>3r2—10r+3=0
r

1
= (3r—1)(r—3)=0:>r=3or,r=§
Putting r = 3 in (iii) , we geta = 1. So, the numbers are 1; 3, 9.
. 1.
Putting r = 5 in (iii) , we get a = 9. So, the numbers are 9, 3, 1.

Hence, the numbersare1,3,90r9, 3, 1

lllustration 57

Find four numbers in G.P. whose sum is 85 and product is 4096.

. a a
Let the four numbers in G.P. be T ar, ar3
r r

Product = 4096 = a*=4096 = a*=8"=a=8

Sum=85=a (i+1+r+r3J =85=8 [rs +ij+8(r+1] =85
r r

r3 r3
1?3 1 1 "3 1
= 8 (r+—J —3[r+—) +8(r+—j:85:> 8(r+—j —16[r+—j—85=0
r r r r r
3 1
= 8x —16x—85=0,wherer+;=x
= (2x—=5) (4x*> + 10x + 17) =0
= 2x—-5=0 [ 4x%+ 10x + 17 = 0 has imaginary roots]

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

= x=(5/2)

= r+1=g:>2r2—5r+2=0:>(r—2)(2r—1)=0:>r=20rr=%
r

1
Puttinga=8andr=2orr= E , we obtain that the four numbers are either 1, 4, 16, 64 or 64, 16, 4, 1.

lllustration 58

Three numbers are in G.P. whose sum is 70. If the extremes be each multiplied by 4 and the means by 5, they will be
in A.P. Find the numbers.
Let the numbers be a, ar, ar?.
Sum=70=a(l+r+r?)=70 (i)
It is given that 4a, 5ar, 4ar? are in A.P.
2(5ar) = 4a + 4ar?
= 5r=2+2r?
= 2rr—5r+2=0=(2r-1)(r-2)=0=r=2o0r,r=1/2.
Putting r = 2 in (i), we obtain a = 10. Putting r = 1/2 in (i), we get a = 40.
Hence, the numbers are 10, 20, 40 or 40, 20, 10.

lllustration 59

Find three numbers in G.P. whose sum is 52 and the sum of whose products in pairs is 624.
Let the required numbers be a, ar, ar?. Then,

Sum=52=a+ar+ar’=52=a(l+r+r?) =52, (i)

Sum of the products in pairs = 624

= a.ar+ar.ar’+a.ar’=624 ...(if)
= a’r(1+r+r’) =624
Dividing (ii) by (i), we get

ar=12=a-= E ... (i)

r

12
Puttinga= — in (i), we-get
r

E(1+r+r2)=52
r

3r2=10r+3=0

(3r=1)(r-3)=0 =>r=1/3o0r,r=3

From (iii),r=3=>a=4andr=1/3=a=36
Hence, the numbers are 4, 12, 36 or 36, 12, 4

lllustration 60

The product of first three terms of a G.P. is 1000. If 6 is added to its second term and 7 added to its third term, the
terms become in A.P. Find the G.P.

Ul
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a
Let the terms of the given G.P. be —, a, ar
r
Then, product = 1000 = a® = 1000 => a = 10.

It is given that 3,a+6, ar+7arein A.P.
r
2(a+6)= a +ar+7
r
32=E+10r+7:>25:m+10r
r r

2
= 5= — +2r=>2r2-5r+2=0=(2r-1)(r-2)=0=>r=2,1/2.
r

Hence, the G.P. is 5, 10, 20, ....or 20, 10,5, ....

lllustration 61

Find four numbers in G.P. in which the third term is greater than the first term’by 9 and the second term is greater
than the fourth term by 18.
Let the four numbers be g, ar, ar?, ar®. It is given that

arl—a=9 and ar—ar®=18
= a(r*-1)=9 and ar(1-r})=18
2
MZE ey
ar-1 9

Puttingr=-2ina(r*— 1) =9, we get a = 3. Hence , the'numbers are 3, -6, 12, —24.

Properties of Geometric Progression

Prop1 If all the terms of a G.P. be multiplied or divided by the same non-zero constant, then it remains a
G.P. with the same’common ratio.
Proof : Let a1, a3, a3, ...;an , «sbe a G.P. with common ratio r.
a
Then, S+t foralln e N (i)
an

Let k be a non-zero constant. Multiplying all the terms of the given G.P. by k, we obtain the new
sequence.
kai, kay, kas, .... kan, .....

Kani1 _an
kap an

Clearly, =rforalln e N.

Hence, the new sequence also forms a G.P. with common ratio r.

Prop II. The reciprocals of the terms of a given G.P. form a G.P.
Proof : Let a3, ay, a3, ..., an, ... be @ G.P. with common ratio r. Then,
a
Zn+l ~rforalln e N. (i)
an

The sequence formed by the reciprocals of the terms of the given G.P. is
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1 1 1 1

a; ap a3z a,

1ap1 _ ap _1

We have, =
1/an Anyt T

[Using (i)]

So, the new sequence is a G.P. with common ratio 1/ r.

If each term of a G.P. be raised to the same power, the resulting sequence also forms a.G.P.
Let a3, a3, a3, ... an, ... be a G.P. with common ratio r. Then,

an+1
an

=rforallneN (i)

Let k be a non-zero real number. Consider the sequence

k k
a a
We have, -1 | En+1 1 = \kforalln e N. [Using (i)]
ak an
n
Hence, a'1‘ ,ag ,alé, ..... ,aﬁ,... is a G.P. with common ratio r*,

In a finite G.P. the product of the terms equidistant from the beginning and the end is always
same and is equal to the product of the first and the last term.
Let a3, ay, a3, ..., an be a finite G.P. with common ratio r. Then,

kth term from the beginning =ax =ayr¢?!
kth term from the end = (n'= k + 1)th term from the beginning
=an k+1=arrm*
(kth term from the beginning) (kth term from the end)
=akan-k+1

k—1 n—k 2 n-1

=airtapr" =@l r"t=a.air" t=aranforallk=2,3,..,n-1

Hence; theproduct of the terms equidistant from the beginning and the end is always same and is
equal to the product of the first and the last term.

Three non-zero numbers a, b, c are in G.P. iff b>= ac
a, b,carein G.P.
b

c
& —=- =(common ratio ) < b%? = ac
a b
NOTE : When a, b, c are in G.P. then b is known as the Geometric mean of a and c.

If the terms of a given G.P. are chosen at regular intervals, then the new sequence so formed also
forms a G.P.

If a;, a2, a3, ..., @n, ... iIs @ G.P. of non-zero non-negative terms, then log a;, log a,, ..., log a, ... is
an A.P. and vice — versa.
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Proof : Let a1, a3, a3, ..., an, .... be a G.P. of non-zero non-negative terms with common ratio r, Then,
an=a1rm % forallneN
= logan=logai+(n—1)logr, foralln € N.
Let by=logan=logai+(n—1)logr, forallne N
Then, bn+1—bn=[logai+nlogr]—[logai+(n—1)logr]=logrforalln e N
Clearly, bn+1—bn=log r = constant for alln € N.
Hence, by, by, ..., by, ... i.e. log a3, log a, ..., log an, ....is an A.P. with common
difference log .
Conversely, let log a1, log ay, ..., log an, ...be an A.P. with common difference d. Then, loga, .1 — log

an=d, foralln € N.

a
= log [n_HJ =d, foralln e N
an

Ani
an

=e? foralln e N.

= ai, az ai, ..., an, .... iIs a G.P. with common ratio ed.

lllustration 62

Ifa, b, c,darein G.P. show that :
()  (b=c)P+(c—a)+(d—b)*=(a—d)
(ii) (ab + bc + cd)? = (a% + b? + ¢?) (b* + ¢* + d?)
Let r be the common ratio of the G.P. a, b, ¢, d . Then, b =ar, c=ar?and d = ar>.
(i) S LHS=(b—c)®+(c—a)?+(d — b)? = (ar—ar?)? +(ar* —a)? + (ar® — ar)?
=alr? (1-r)?+a%(r’=1)%+a%?(r? - 1)?
=a’(rf-2r*+1)=a%*(1-r’)?=(a—d)*=RHS
(ii) LHS=(ab+bc+cd)®>=(a.ar+ar.ar*+ar ar’)?>=a%? (1 +r* + r%)?
RHS = (a? + b? + c?)(b* + 2 + d?) ='(a® + a’r? + a%r*) (a’r? + a%r* + a%r®)
=a?(1+rP+rY) . a2 (L+r2+rf)=a*? (1 +r* +r%)?

LHS = RHS.

lllustration 63

Ifa, b, c,darein G.P., prove thata+b, b+ c, c+darealso in G.P.
Let r be the.commmon ratio of the G.P. a, b, ¢, d. Thenb =ar, c=ar?and d = ar®.
atb=a+ar=a(l+r);b+c=ar+ar’=ar(1+r)
and c+d=ar*+ar*=ar’(1+r)
Now,(b+c)?=[ar(L+n?=a%r>(1+r)>=[a(l+r)][ar’(1+7r)]
=(a+b)(c+d) [‘a+b=a(l+r)andc+d=ar?1+r)]
Hence,a+b,b+c,c+dareinG.P.

lllustration 64

If a% + b?, ab + bc and b? + ¢? are in G.P., prove that a, b, c are also in G.P.
a’+b?,ab + bc, b?+ c?arein G.P.
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(ab + bc)? = (a® + b?) (b? + )

a’b? + b%c? + 2ab’c = a%b? + a’c® + b’c® + b*
b* + a%c?2 — 2ab%c =0

(b*—ac)’*=0

b?=ac = a, b, carein G.P.

U4 U

lllustration 65

If a, b, carein G.P., prove that 1 ,i, arein A.P.
a+b 2b b+c
Since a, b, c are in G.P. we have
b c . .
—=— =r,where ris the common ratio
a b
s b=arandc=br=ar.r=ar?
X, ¥, zwillbe in AP.ify—x=z—-vy,ie ifx+z=2y
We have
1T 1 1 i_ 1
a+b a+ar a(1+r)'2b 2ar
and 1 = L = L
b+c griar? ar(1+r)
1+1_1+1_r+1_i_1_£
a+b b+c a(1+r)y ar(1+r) ar(1+r) ar b 2b
This shows that 1 ,l, arein A.P.
a+b 2b"b+c

To find the sum of first n ferms of a G.P.
Let a be the first termand r the common ratio of a G.P. and let S, denote the sum of the first n terms of the G.P. Then

Ss=a+ar+ar’+...+ar"?!
and r.S.= ar#ar’+...+ar"‘+ar"

By subtracting, S, —r.S,=a—ar",or, S, (1-r)=a(1-1r"),

_ a(1—r'”)’Or a(r" -1)

Sn )
1-r r—1

n_
Ifr>1,wewrite5n:u

r—1

_¢n
and ifr<1,wewriteS,= a(;l )
—r
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Note : The above formula for S, fails when r =1, as the form % is undefined. However,

Sh=a+a+a+...tonterms = nain this case.

lllustration 66
If {an} is a G.S. (i.e., Geometric sequence) and a; = 4, r = 5, find a¢ and Se.
Here a; = 1% term =4, r = C.R. = 5, a, = nth term = ay(r)"™.

as = 6th term = a; (r)5 = 4.(5)° = 4 x 3125 = 12500.

ay(r® 1) _4(5° -1)

Se = Sum of 1% 6 terms =
r—1 5-1

i 4.(156425 ) _1ceoa

lllustration 67

Find the sum of each of the following series :
(i) 1+3+9+27+....to 10 terms;

17 1 1
(ii) 1+ —+—+— +....to 12 terms.
2 4 8
(i) The series is a G.P. with common ratio 3.
n
For sumin G.P.:S, = a(r_11) , Wherer>1
r—
Herea=1,r=3,n=10,S,,="
We have
10 .
S10 = 1.(3 1): 59049 -1 _ 29524
3-1 2

(ii) Herea=1,r= % (<1)and n=12.

n
For sumin G.P., we have S, = w , Wherer<1.
-r

112
1.1—(2) - g1
212 _'“4006 _ 4095 2 4095 _ 2047

Sy = _ — 7Y ==
’ 1 1 4006 1 2048 2048

1
2 2 2

lllustration 68

If yousave 1 paise today, 2 paise the next day, 4 paise the succeeding day and so on, what will be your total savings
in two weeks ?

Total savings in two weeks.
=(1+2+4+8+...to 14 terms) paise.
:—1'(214_1) [+a=1r=2,n=14]
2-1
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= % = 16383 paise = Rs. 163.83.
lllustration 69
How many terms of the G.P. 3, E , E s enenes are needed to give sum 069 ?
2 4 512

. . 1
For the given G.P., a = 1st term = 3, r = common ratio = E

Let n be the required number of terms. Then S, = 3501—629
o,
or, a(l-r ): 3069’or' 2 3069
1-r 512 ] 1 ~ 512
2
n
or, 3x2<1- 1 =—3069,or, _12_1023
2 512 oh 1024
or, i— ——1023: L ,or,2"=1024=2%;
on 1024 1024
n=10. Hence 10 terms of the G.P. are needed.
(i) Sumtonterms:4+44+444 + ............

(ii) 7+77+777 +......
(i) Sa=4+44 + 444 + .......to n terms
=4(1+11+111+ ... to n terms)

4
= —(9+99+999 +..... to n'terms)

:g{

o~ O~ ©

10 -1

{(10-1) +(100=1) + (1000 — 1) + .... to n groups)}

{(10+ 100 +1000 + .....tonterms) — (1 + 1+ 1 + ..... to n terms)}

n, n_
10.(10 1)—n},using5n= a(r" - 1) :i{%(.]on_.])_n}

r—1 9

(i) Exactly similar to (i), Sn = g{%(m“ -1)- n}

lllustration 71

(i) Find the sum to ‘n’ terms of .8 + .88 + .888 + ......
(ii) 0.6 + 0.66 + 0.666 + ..........

(i) We have

Sn=.8+.88+.888 +....... tonterms
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=8(.1+.11+.111 +..... to n terms)

8
= —(.9+.99+.999 + .... to n terms)

§[(1— 1) +(1-.01)+(1-.001) +.... to n groups]

©

8
= 5 [(1+1+1+...tonterms)—(.1+.01+.001 +.... to n terms)]

_ 8| =" Using S, - a(1-r")
9 1-.1 " 1-r

S8 cam | =8 n_ Y
_§[n .9{1 (.1) }} g{n 9{1 1 }}

(i) Exactly similar to (i) ; Sn = %[n—%ﬂ—(ﬂ)n}}

lllustration 72

If S be the sum, P the product and R the sum of the reciprocals of n terms in G.P. prove that

3

Let a be the first term and r be the common ratio of the G.P.

n_
Then S=a+ar+ar2+._'_+arn—1=a-(r 11)
r—
P=axarxar’x...xar?
=3", r.1+2+3+..4.+(n—1)
(n=1)(n-1+1) n(n=1)
=a"r 2 = a"r 2
and R=1+L+L2+ ....... " 11
a ar ar arn—
n
! 1_{1J 1>< 'I—i
_ a r - a rn _1Xrn_1x r
1] r-1 a M r-1
r r
L ) I

ar"(r-1) - ar"(r-1)

n n—1
S _a(r —1)Xar (r_1)=a2.r”‘1
R r—1 -1
n
§ rnfl)n - a2n . rn(n—l)
R
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n(n—1) 12
and P?=(a"r 2 =a¥ . -1

n
Hence [§j = P2,
R

lllustration 73

10
Prove that the sum to n terms of the series 11 + 103 + 1005 + ... is ry (10"-1) + n?

Let S, denote the sum to n terms of the given series. Then,
Sn=11+103 +1005 + .... to n terms.

Sn=(10+1) + (10> +3) + (103 +5) + ... + {10" + (2n — 1)}
= Sh=(10+10%+...+10") +((1 +3+5+..+(2n—-1))

n
_ 10007 =1 14y on_1)=19 (100 _ 1)1 n2
10-1) 2 9

U

Sn

lllustration 74

Determine the number of terms in G.P. < a, >, ifa; =3, a, =96 and S, =189.
Let r be the common ratio of the given G.P. Then,

an=96=a1rM '=96=3r""1=96=r"1=32 (i)
Now, S,=189

n
~ a1 189
L r—1

n-1
. 3[#J

- 3(32r_11j - 189

= 32r-1=63r=63=31r =62 =>r=2
Putting r =2.in (i), we get
2"l=32=2"1=2°=>n-1=5=n=6.

lllustration 75

In an/increasing G.P. , the sum of the first and the last term is 66, the product of the second and the last but one is
128 and the sum of the terms is 126. How many terms are there in the progression ?
Let a be the first term and r the common ratio of the given G.P. Further, let there be n terms in the given G.P. Then,
ar+tan=66=>a+ar" =66 ...[(i)
a.an-1=128

= ar.ar" 2=128
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128

a’rm l=128=a.(ar" ) =128=ar" "= —

a

Putting this value of ar"~tin (i), we get

128

a+ — =66=a’-66a+128=0=>(a—2)(a—64)=0=>a=2,64
a

Puttinga =2 in (i), we get
2+42.rm =66 =>r""1=32
Putting a = 64 in (i), we get

1
64+64r""l=66=>r""t= —

32

We reject the second value as the G.P. is an increasing G.P. and therefore, r > 1.

Now, S,=126
n _ n__
O il PP e
r—1 r-—1
n-1. _
o s 32
r-1 r-1
M1=32=2""1=32=2>=>n-1=5=>n=6
PRACTICE ASSIGNMENT III
1. Find the 20*" and n'" terms of the G.P. E, E, E, .......
248
2. Find the 12* term of a G.P. whose 8":termis'192 and the common ratio is 2.
The 5™, 8" and 11" terms of a G:P. are p, g and s, respectively. Show that q2 =pSs.
4, The 4™ term of a G.P. issquare of its second term, and the first term is — 3. Determine its 7% term.
5 1
5. The second term of a G.P. is Z and its fourth term is E . Find its third term.
6. Which term of the following sequences :
171 1 1
i)2,24/2, 8;...is128? i) v3,3,343,....i5 729 ? i) =, —,——,...is ?
U (i) ( )3927 19683
2 2 .
7. For what values of x, the numbers — 7, X, —7 arein G.P.?
8. Find the value of n, if the n' terms of the series 5 + 10 + 20 +.........and 1280 + 640 + 320 + ....are equal.
9. Ifa, b, c are in G.P; show that
azbzc{i+i3+ij:a3+ b®+c?
as b c3

10. Ifa, b, c, d are in G.P, prove that
(i) (a®+b?), (b?+c?), (c? + d?) are in G.P.
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11.

12.

13.

14.
15.

16.
17.
18.

19.

20.

21.
22.

23.

24.
25.

26.

27.
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(ii) (a"+b"), (b"+c"), (c"+d") are in G.P.
(iii) (a2 -b?), (b®>—=c?), (c2—d?) are in G.P.
1 1 1
(iv) , , are in G.P.
a? +b% b%+c? c?+d?
Find the sum to indicated number of terms in each of the following G.P.
(i) 0.15, 0.015, 0.0015, ... 20 terms.

(ii) \/7, \/5,3\/7, ...... n terms.

(iii) 1, —a, a2,—a3,.... n terms (if a = -1).

(iv) x3,x5,x7, ..... nterms (if X = £1).

The sum of first three terms of a G.P. is to the sum of the first six terms as 125 : 152.

Find the common ratio of the G.P.
39
The sum of first three terms of a G.P. is 0 and their product is 1. Find the common ratio and the terms.

How many terms of G.P. 3, 32, 33, ... are needed to give the sum 120 ?

The sum of first three terms of a G.P. is 16 and the sum of the next three terms is 128. Determine the first
term, the common ratio and the sum to n terms of the G.P.

Given a G.P. with a = 729 and 7t" term 64, determine S,.
Find a G.P. for which sum of the first two terms is =4 and'the fifth term is 4 times the third term.

Find three numbers a, b, c between 2 and 18 such that (i) their sum is 25 (ii) the numbers 2, a, b are consecutive
terms of an A.P. and (iii) the numbers b, c, 18 are.consecutive terms of a G.P.

Sum to n terms
(i) 8+88+888+......
(ii) .6+.66+.666 + ........

11
EvaIuateZ(Z +3K ).
k=1

If the 4™, 10" and 16" terms of a G.P. are x, y and z., respectively. Prove that x, y, z are in G.P.

Show that the products of the corresponding terms of the sequences a, ar, ar?, ...ar"'and A, AR,

ARZ ... AR""'forma G.P. and find the common ratio.
Find four numbers forming a geometric progression in which the third term is greater than the first term by 9,
and.the second term is greater than the 4" by 18.

If the p™, q™", and r'"terms of a G.P. are a, b and c respectively. Prove that a9 b PcP~a = 1.

If the first and the n™ terms of a G.P. are a and b, respectively, and if P is the product of n terms, prove

thatP?2 = (ab)".

Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from. (n+1)" to (2n) term isin :
r

If a, b, ¢, d and p are different real numbers such that

(a2 +b% + c?)p?—2(ab + bc+cd) p + (b? + c2 + d?) <0, then show that a, b, cand d are in G.P.
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29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.
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If p, g, r are in G.P. and the equations, px? + 2gx + r = 0 and dx? + 2ex + f = 0 have a common root, then show

that def

—,—,— areinA.P.
pqar

n
Find the natural number n for which Zf(x) =120, where the function f satisfies the relation f(x + y) = f(x) .
x=1

f(y) for all natural numbers x, y and further f(1) = 3.

The sum of some terms of G.P. is 315 whose first term and the common ratio are 5 and 2, respectively. Find
the last term and the number of terms.

The first term of a G.P. is 1. The sum of the third term and the fifth term is 90. Find the common ratio of G.P.
The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in/that order, we obtain an
A.P. Find the numbers.

A G.P. consists of an even number of terms. If the sum of all the terms is 5 times the'sum of terms occupying
odd places, then find its common ratio.

a+bx b+cx c+dx

If = =
a-bx b-cx c-dx

(x# 0), then show that a, b, cand d are in.G.P.

If a and b are the roots of x> —3x + p =0 and ¢, d are roots of x>~ 12x + q = 0, where a, b, ¢, d form a G.P. Prove
that (g +p):(g—p)=17:15.

1711
Ifa,b,careinA.P., b, c,darein G.P.and —,a,— are in A.P. prove that a, ¢, e and in G.P.
c e

The number of bacteria in a certain culture doubles every hour. If there were 30 bacteria present in the culture
originally, how many bacteria will be present at the end of 2" hour, 4" hour and n" hour?
What will Rs. 500 amounts to in 10 years after’its deposit in a bank which pays annual interest rate of 10%
compounded annually?
A person writes a letter to four of his friends. He asks each one of the them to copy the letter and mail to four
different persons with instruction that they move the chain similarly. Assuming that the chain is not broken
and that it costs 50 paise to mail one letter, find the amount spent on the postage when 8™ set of letter is
mailed.

1o
Ifa, b, carein G.P.and aX =bY =cZ, prove thatx, y, z are in A.P.

Sum of an infinite G.P.

Theorem : The sum of an infinite G.P. with first term a and common ratio r(-1 < r < 1 i.e.
a
Ir] <1)is  Seo= —.
1-r
Proof: Consider an infinite G.P. with first term a and common ratio r, where-1<r<1i.e.

[r| <1. The sum of n terms of this G.P. is given by
n n
So=alil | @ A& i)
1-r 1-r 1-r
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Since —1 < r < 1, therefore r" decreases as n increases and r" tends to zero as n tends to infinity i.e.
rm—>0asn— oo.
n

ar
1——) 0 as n —> . Hence, from (i), the sum of an infinite G.P. is given by
—r
a ar" a
S= lim Sy,= lim - = if |r]<1
n—o nowol|1-r 1-r| 1-r

Note : If r > 1, then the sum of an infinite G.P. tends to infinity.

lllustration 76

Find the sum of an infinite G.P. whose first term is 28 and the fourth term is 4 .

Let a be the first term and r the common ratio where -1 <r< 1.

4 4 1 1
Thena=28and 4thterm=ar®=28r3. .28r*= — , or P — = —wir= =
49 49 x 28 73 7
7 98
~l<r<landS,=_2a _ 28 =28x — = —
1-r 1_1 6 3
7
. g . 98 2
Hence the required sum of the infinite G.P. is — or 32 3
lllustration 77
(i) Use a Geometric series to express 0.555 .... as‘a rational number .
(ii) Represent as a common fraction, the decimal 24.28137.
(i) 0.555 ............

=0.5+0.05 + 0.005 + ..... to infinity.
This is an infinite G.P. whose first term is 0.5 and common ratio is .1.
Also-1<.1<1:
.. The sum of the infinite G.P. = 2 _ 0—5 = 0—5 = §
1-r 1-1 0. 9
(ii) 24.28137 =24:28137137137 ......
=24.28 +.00137 + .00000137 + .00000000137 + .......

=24.284+ 137 + 137 + 137 + .. to ©

10° 108 10"

=24.28+ [an infinite G.P. witha = % andr = LJ

10 103
S 3
54 g4 187/10° oo, 137 10° 2428 137 2425709
1-1/103 105 999 100 99900 99900
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Ifx=1+a+a2+....t000andy=1+b+b2+....tow,provethat1+ab+a2b2+...tooo=L1,when—1<a<1
X+y-—
and-1<b<1.
Here x:1+a+az+....tooo:1L [-1<a<1]
—-a
and y=1+b+b2+....tooo=L [-1<b<1]
Again, since—1<a<land-1<b<1; .. -1<ab<1.
1+ab+a2b2+....tooo=Lb,where—1<ab<1.
—-a
(N 1
and ¥ __1-a 1-b _ (1-a)(1-b)
X+y-1 1 N 1 1 1-b+1-a—-(1-a—-b+ab)
1-a 1-b (1-a)(1-b)
_ 1
1-b+1-a-1+a+b-ab 1-ab
Hence1+ab+a%b?+...tow= Xy
X+y-1

lllustration 79

A person is entitled to receive an annual payment which for each year is less by one tenth of what it was for the year
before. If the first payment~is Rs. 100, show that he cannot receive more than
Rs. 1,000 however long he may live.

Here first payment = 100

1
Second payment =,100'= T x 100 =Rs.90;

1
Third payment = 90 — 0 x 90 = Rs. 81, and so on.
The annual payment are Rs. 100, Rs. 90, Rs. 81, ......
9
which are in G.P. with common ratio ﬁ (<1), and the sum to infinity of this G.P.

=100+90+81+...to

2@ 100 460419 C 1000
1-r 1_3 1
10

Hence the person cannot receive more than Rs. 1,000 however long he may live.

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

lllustration 80

IfFA=1+r*+r?+..tocwand B=1+r’+r?® + ... o, prove that

(A1 ta g_q\tb
A B
We have, A=1+rP+r®+...0andB=1+r°+r®+ .. .too

and B =

= A=
1-r@ 1-rP

= 1—r"‘=land1—rb=l
A B

= r= 1—l andrb= 1—l
A B
A_1\/a B_1\1/b
= r=|—— andr=| ——
A B

A-NVa rgoqP
Hence r=| —— = —
A B

lllustration 81

a0 o] o0
Ifx= z cos?9,y = Z sin™, z= Z cos”0 sin™ ¢ , where 0< 0, ¢ <7/2, then prove that xz + yz —z = xy.

n=0 n=0 n=0
We have,
- 1 1
X= Z cos*" 0 = 14 cos?0 + cos*0 + ....c0 = x = —2:>sin29= —
n—0 1-cos“ 6 X
0
in2n in2 ) 2 1
y= Z sin g =1 +sin’p +sin*dp+..o=>y= ————5 = C0s o=—
n—0 1-sin“ ¢ y
o0
and .z= z cos?"0 sin® ¢ = 1 + cos? 0 sin’d + cos*O sin* ¢ + ... ©
n=0
= z= 1
1-cos? 05sin? ¢
1
= z=

41— (1-sin2 0)(1— cos? ¢)
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= Z= 1 = Z—;
- 1 1 111
1T—{1-—|1-— —t———

X y Xy Xxy
= zZ= Xy =>XZ+yz—12Z=Xxy.
X+y—1

lllustration 82

If |x] <1and |y]| <1, find the sum to infinity of the series
(x+y)+(x2+xy+y)+ (3 +x2y +xy? +y3) + ...
We have,

(x+y) + (X +xy +y?) + (0 + X%y + xy? +y°) + ... 0

= ey + (= v+ =y + . to 0]

Xn_an 1 2.1 3.2 1
=x"Tix"fa'+x"Pac +...+a" " ,neN

X—a
= 1 [(C+x3+xP+ ... too) — (Y +y3 +y* + ... to 00)]
X-y
Xy P -xXPy -y eyt 1 TP -y ) - xy(x =yl Xy —xy
X=y[1-x 1-y| x-y (1=x)(1-y) (x-vy) (1=-x)(1-y) (1-x)(1-y)
PRACTICE ASSIGNMENT IV
1. (i) Find the value©f0.423

(i) Find the value of 2.12345

2. The sum of an infinite number of terms of a decreasing G.P. is 3 and the sum of squares of its terms to infinity

is also 3. Find the series.

3. The first term of a G.P. exceeds the second term by 4 and the sum to infinity is 9. Find the G.P.
36
4. The sum of infinite number of terms of a G.P. is 6 and the sum of their squares is 5 Find the G.P.
5. Prove that
(i) 6Y2. 64 . 6Y8 ............. 0=6
(ii) 93 9i° V27  ..o0=3
6. A square is drawn by joining the midpoints of the sides of a square. A third square is drawn inside the second

square in the same way and the process is continued indefinitely. If the side of the square is 10 cm, find the

sum of the areas of all the squares so formed.
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7. After striki

distance th

8. One side of an equilateral triangle is 18 cm. The midpoints of its sides are joined to form another triangle
whose midpoints, in turn, are joined to form still another triangle. The process is continued indefinitely. Find

the sum of
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ng a floor, a certain ball rebounds [%) th of the height from which it has fallen. Find the total

at it travels before coming to rest, if it is gently dropped from a height of 120 m.

the (i) perimeters of all the triangles (ii) areas of all the triangles.

Geometric Mean (G.M.)

When three quantities are in G.P., the middle one is called the geometric mean (G.M.) of the other two. If a, m, b are in

m b
G.P., then mis the G.M. of aand b and we have — =— or,m?=ab;
a m

m=i\/£

Of the three numbers 2, 6, 18, number 6 is the G.M. of 2 and 18, since 2, 6, 18 are in.G:P. and v2x18 =6, -6 is also

the G.M. of 2and 18. [".* 2, -6, 18 are also in G.P.]

Extension. If a, my, m,, ...

means between a and b.

To insert n geometric means between a and b.

If m1, my, ..., m, be the n geometric means which are to be inserted between a and b, then a, mi, my, ..., m,, b are in

G.P. of which a is the first and b is the (n + 2)th term.
If r be the C.R., thenb=a.r"*2-1=gmn+1,

1

and we getr = (Ej n+1
a

Hence the required geometric means mi, my, ..., myare ar, ar?, ar®, ..., ar".

i.e., a[

Theorem:

Proof :

1 2 3 n
bjn+1 [bjnn [b)nﬂ (ann
— ,al — Jal — ,...,al —

a a a a

If n geometric means are inserted between two quantities, then the product of n geometric means is

the nth power of the single geometric mean between the two quantities.
Let Gi, Gy, G3, ..., Gn be n geometric means between two quantities a and b.
Then, a, Gy, Gy, ..., Gy, bis a G.P. Let r be the common ratio of this G.P.
A
Thenr= (b/a)n+!
and,Gi=ar,Gy=ar?, Gz=ar? ..., G, = ar".
Now, Gi. Gy. Gs. .... G, = (ar) (ar?) (ar?) ...(ar")

=an r1+2+3+....+n

— n/2
=ar 2 -—g" (Ejnﬂ zan(gj = a"2 pn2
a
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- (al/z bl/Z)n - (@)n =G"

where, G = v/ab is the single geometric mean between a and b.

Some Important Properties of Arithmetic and Geometric

Means
Prop.1 If A and G are respectively arithmetic and geometric means between two distinct positive
numbers a and b, then A > G.
Proof : We have
A= a;b and G = vyab
a+b a+b-2vab 1 2
A_G= —Jab =22 "N _ 1 fa - b) 150
2 2 2
= A>G
Prop. II. If A and G are respectively arithmetic and geometric means betweentwo positive quantities a and b,
then the quadratic equation having a, b as its roots is x> — 2Ax + G = 0.
Proof : We have,
A= a;b and G = vab
The equation having a, b as its roots is
a+b
x>2—x(a+b)+ab=0 or,x*~2Ax+G?*=0 ['.'A: 5 andG:\/ab}
Prop. I1I. If A and G be the A.M. and G.M. between two positive numbers, then the numbers are At
VAZ _G?
Proof : The equation having its roots as the given number is

x2—2Ax+G?=0

/ 2 2
= SAENAAT Z4GT L asAZ_g?

2

lllustration 83

Insert 6 geometric means between % and 81.
. 1
Let g1,-83, 83, 84, 85, 86 be the 6 geometric means between E and 81. Then
1 .
E , 81, 82, 83, 84, 85, 86, 81 are in G.P.

a=1stterm= i and 8th term = 81.

Let r be the common ratio of the G.P.
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Then 8thterm=a(r)® 1= 1 xr.
27

1
— xr’=81,0r,r'=81x27=3": . r=3
27

1 1 1 1 1
:—)(3:—’ :—)(3:—’ :—)(3 :1
277799279 27397 3
g82=1x3=3,85=3%x3=9,g86=9x3=27
Hence the required geometric means are

1,1, 1,3,9,27.
93

g1

lllustration 84

The arithmetic mean of two positive numbers is 15 and their geometric mean is 9. Find the numbers.

Let the two positive numbers be a and b

Then

or

Solving

a;b=15and\/£=9 {.'A.M;a;b,G.M.:@}

a+b=30 ... (1) andab=81 ... (2)
(a—b)*=(a+b)2—4ab=(30)2-4x81

=900 -324 =576
a—-b=x24,ie,a-b=24 ..(3)ora—-b=-24 . “ ... (4)
(1)and (3),a=27and b = 3.

Again solving (1) and (4),a=3 and b =27.
Hence the required numbers are 27, 3 or 3, 27.

lllustration 85
n+1 n+1
Find the value of n sothat ———————— may be the geometric mean between a and b.
a" +b"
n+1 n+1
a’  +b
is the G.M. between aand b
a"+p"
n+1 n+1
a '+b
= ———— =+ab
a" +b"

(ml] (1)
an+l+bn+1: a 2 b1/2 +a1/2b 2

an+1 _a(m;)bwz :a1/2b(n+2j _pn+1
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(ml] [1j
PN a 2 (a1/2_b1/2):b 2 (a1/2_b1/2)
(2 _(3)
n+— n+—
& a\ 2/ -p\ 2 [ a¥2—DbY2#0,asa#b]
1
a[mEJ
& — =1
2
[n+ij 0
a 2 a 1
= — =|—| ©n+-=0&n=-—
B 73] =neg s

Find two positive numbers whose difference is 12 and whose A.M. exceeds the G.M. by 2.
Let the two numbers be a and b . Then,

a—b=12 (i)
It is given that

AM-GM =2

= a;b—\/E:Z

= a+b—2\/£=4
=  (Ja-+b)* =4
= Ja-+b =2 (i)

Now, a-—-b=12
=  (Ja+b)(Va-+b)=12
= (Va +b) x (£2)=12 ...(iii)

=  Ja+vb =+6 [Using (ii)]
Solving (ii) and (iii), we geta =16, b =4

Hence, the required numbers are 16 and 4.

lllustration 87

Find two numbers whose arithmetic mean is 34 and the geometric mean is 16.
Let the two numbers-be a and b. Then,

AM =34 = aTJ’b =34=a+b=68,

and GM =16 = +ab =16 = ab =256 (i)
(@a—b)>=(a+b)>—4ab = (a—b)?=(68)*—4 x 256 = 3600

—~  a-b=60 (i)

On solving (i) and (ii), we geta=64 and b = 4.
Hence , the required numbers are 64 and 4.
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If a, b, c are in G.P. and the equations ax? + 2bx + ¢ =0, b > 0 and dx* + 2ex + f = 0, e > 0 have a common root, then

d e f
show that —, —,— arein A.P.
abc

Since a, b, c are in G.P. Therefore,
b?=ac
Now, ax’+2bx+c=0

= ax’+2 +ac x+c=0

= (Vax++c)? =0 = \/§x+\/_=0:x=—\/§

It is given that the equation ax? + 2bx + ¢ = 0 and dx? + 2ex + f = 0 have a common root and the equation ax? +

Cc
2bx + ¢ = 0 has equal roots both equal to —1{—
a

C . .
—1/— is a root of the equation dx? + 2ex +f=0
a

= dE—Ze\/§+f=0
a a

= g—Ze i+i =0 [Dividing through out by c]
a ac C

— d_2e i:o [ b%?=ac]
a b c

= ZSzg i jg,g,iareinA.P.
b a ¢ aboc

lllustration 89

If the A.M.-and G.M. between two numbers are in the ratio m : n, then prove that the numbers are in the ratio

m + \/m2 —n2 :m-vm2 —I"I2

Let the two numbers be a and b. Let A and G be respectively the arithmetic and geometric means between a and b.

Then, A= a;b and G = vab

a+b=2Aand G’=ab

The equation having a, b as its roots is x> —(a + b)x +ab=0 or, x> — 2Ax + G2 =0 [Using (i)]
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2 2
o 2ANaN 46 L e

2

So, the two numbersarea=A+ \/A2 -G? andb=A- \/A2 ~G?

Itis giventhatA:G=m:n = A=2Am and G = An for some A

Substituting the value of Aand Gina=A+ VA2 G2 and b=A- VA% - G2 , we get
[\2 2 .22 [ 2 2
a_im+VaTm” —An S a_mrym - a:b=(m+\/m2—n2):(m—\/m2—n2)

b am—vaZm?2 —32n2 b m—/m?2 —n?2

lllustration 90

Let x be the arithmetic mean and y, z be two geometric means between any two positive numbers. Then prove that

y3+z3

Xyz

=2

Let a and b be two positive numbers. Then,

x=AM.ofaandb=x= a+b

(i)

It is given that y and z are two geometric means between aand b. Thena, y, z, bis a

1
— 1/3
G.P. with common ratio (Ej 21 _ (Ej
a a

1/3
y=ar:>y=a(—j =y= bl/3a¥?
a

2/3
z:arzzz:a(—j —=z=b?3 3"
a

L v + 22 = (b2 a¥3)? + (b?3.a3)3=ba’l+ b%a = ab(a + b)
and  yz=(b¥?a??) (b¥3a%?) = ab.

Thus, y3+22=yz(a+b)=y¥+22=yz(2x) [Using (i)]
3 3

- y +z° _,
Xyz

lllustration 91

If one geometric mean G and two arithmetic means A; and A; be inserted between two given quantities, prove that
G2 = (2A1 - Az) (ZAz - A1)
Let a and b be two given quantities. Then, G is the geometric mean of aand b

G=+Jab = G?=ab
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It is given that Aj, A; are two arithmetic means between a and b. Then a, A3, A;, b is an A.P. with common difference d

_b-a

and

U

10.

11.

3

A1=a+d=a+b—a:2a+b,
3 3
A2=21‘+2d=a+2(b—a)=a+2b
3
JA - Ay =2 2a+b B a+2b -
3 3
ZAz—A1=2[a+2bj—[2a+bj=b
3 3

(2A1 - Az) (ZAZ - Al) =ab
(2A1 - Az) (2A2 - A1) = GZ.

PRACTICE ASSIGNMENT.V

1
Insert 6 geometric means between 27 and —.

1
Insert 5 geometric means between 16 and 1

. 32 81
Insert 5 geometric means between E and 7 .

Find the geometric means of the following pairs:of numbers.

(i) 2and 8 (i) a°b and ab® (i) — 8 and — 2

If one A.M., A and two geometric means G; and G; inserted between any two positive numbers, show that
G? G5

=122 _2A

Gy Gy

If the A.M. of two positive numbers a and b (a > b) is twice their geometric mean. Prove that a : b =
(2++/3):(2-+3).
Find the two numbers whose A.M. is 25 and GM is 20.

Prove that the product of n geometric means between two quantities is equal to the n™" power of a geometric
mean of those two quantities.

If a isthe A.M. of b and c and the two geometric means are G:and G, then prove that G? + G% =2abc.

The sum of two numbers is 6 times their geometric mean, show that numbers are in the ratio (3+

242):(3-22).

n+1 n+1

Find the value of n so that —, may be the geometric mean between a and b.
a +b
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12. If A and G be the A.M. and G.M. respectively between two positive numbers, prove that the numbers are A +
JA+G)A-G).
13. If A.M. and G.M. of roots of a quadratic equation are 8 and 5 respectively, then obtain the quadratic equation.

SOME SPECIAL SEQUENCES
ARITHMETICO- GEOMETRIC SERIES(A.G.)

A sequence in which each term is the product of the corresponding terms of an A.P. and a G.P., is known as an
Arithmetico-Geometric Sequence.
Atypical AP.isa,a+d,a+2d, ...
Atypical G.P.is1,r,r? ...
A typical arithmetico-geometric sequence is
a,(a+d)r,(@a+2d)r?, ...
The nth term of this sequenceis[a+(n—1)d]xr"

Example 1. 1+ 2x + 3x% + 4x3 + .... is an arithmetico-geometric series whose corresponding A.P. and G.P. are 1, 2,
3,4,...and 1, x, X, X3, ..... respectively.

Example 2. 1-3x+5x*—7x3 + .... is an arithmetico-geometric series whose corresponding A.P. and G.P. are 1, 3,
5,7,...and 1, —x, x2, =3, .... respectively.

To find the sum of n terms of an A.G. series

Let the arithmetico-geometric series be
at+(a+d)r+(a+2d)r?+...+[a+(n—1)d] xr?

and let S, be the sum of n terms of this series. Then,

Ss=a+(a+dr+(@a+2d)r’+...+[a+(n—-1)d}xr?

rSh=ar+(a+d)rk+... +la+(n=2)dlxr"t+[a+(n—=1)d] xr"

On subtraction, we obtain

(1-r)Sh=a+dr+dr?+.... +drteJa+(n—-1)d] xr"

=a+dr(l+r+.a.+rm2)—[a+¥(n-1)d]xr"

_n-1
=a+dr [1 1r j—[a+(n—1)d]><rn [Summing the G.P.]
“r
n _ n
5, = a_ . dr2_ dr 2_[a+(n 1)d] xr (r%1)
(= (1-r)* (1-r) (1-r)

Sum of an infinite A.G. Series
Let [r] <1.Thenr"— 0and r"!— 0, when n — .

-_2 +L which is the sum to infinity of the A.G. Series.

(1-1) (1-n2’
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Find the nth term of the series 1 + —+ — +—
32 33
The given series is an arithmetico-geometric series whose corresponding A.P. and G.P. are

1 1
1,2,3,4,....and1, —, —, —, ..... respectively.
332 33

nthtermof AP.=[1+(n—-1)x1]=n;

-1
nth term of G.P. = | 1 1 " = L nth term of the given series=n. L L
3 3n—1 3n—1 3n—1

lllustration 93

Find the sum to infinity of the series 1 + 3 + i + i

..... 00,
32 33
Let S» denote the sum to infinity of the given series. Then,
2 3 4
Soo = 1 + -4+ —+—+..... 0
3 32 33
1 1 2 3
—Se= —+—+—+...
On subtraction, we get
gSoo:1+ 1+i+i+ ..... 0
1 3 , e
= 1 = E [Taking the sum of the infinite G.P.]
-3
3
o .[3,3)_9
2 2 4

Find the sum of the infinite series 1. — 3x+ 5x>— 7x3 + .... 0, when | x | < 1.
Let S, denote the sum of the given infinite series. Then,
So=1+3(=x) +5(—x)? + 7(-x)* + ...... 0
(—X)Sw = (—x) + 3(=x)> +5(-x)* + ... ®©
On subtraction, we get':
(1 +X)S0e=142 (=X) + 2(—x)*> + 2(—x)3 + ... o0
=1+2x[(—x)+ (=x)? + (=x)3 +..... 0]

=1+2. i [Taking the sum of the infinite G.P.]
[1-(=x)]

[

lllustration 95

If the sum to infinity of the series 3 +5r + 7r2 + ..... is ﬂ , findr.
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The given series is an arithmetico-geometric series in which the A.P.is 3,5, 7 ... witha=3 and d = 2.
And, the G.P.is 1, r, r?, ... with common ratio r.

5= 44
9
= i+ dr2=ﬂ,wherea=3,d=2&r=r.
1-r (1-r)
3 2r 44
= —+ = —

1-r (1-r? 9

= 44r*—79r+17=0
= (4r—1)(11r-17)=0

1 17
= r=—orr=—

4 11

But ﬂ>1&‘—<1,sor=% (- ]r]<1)
lllustration 96
Find the sum of the infinite series 1+ i+1+E+ ...... o
3 32 33

This is clearly not an arithmetico-goemetric series, since 1, 4, 9, 16, ... are not in A.P However, their successive
differences (4 — 1), (9 —4), (16 - 9),...... are in A.P.

Sw-1+i+i+ﬁ+ ...... © (1)
3 32 33
1 Se = L + i + i L (2)
Subtracting (1) & (2),
1 3 5 7

1—— | Se=1+—+ +—+..00 | ... 3

( 3) 3 32 33 ~ e

%.%Sw = %+3%+3% +o © (4) [multiplying throughout by (1/3) ]

(%j.sw=1+g+£+£+ ..... o0

3/3%2 33
_1+31+1+i+ o =1+—=x L -Z,Soo=g
3 3 32 3 1_1) 2
3
PRACTICE ASSIGNMENT VI
1. Find the sum upto infinity of the series
1+ 2x+3x%+4x3 + -, where |x| <1
2. If the sum to infinity of the series
1+(1+d)1+(1+2d)i+(1+3d)l+ .......... isE,ﬁndd.
5 52 53 8
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Find the sum to n terms of the following series
(i) 1+4x+7x2+ 103 + ............
3 5 7

i 1+—4+ —+—+ .
(i) 274

(iii) 1-5+9-13+17+.......
Find the sum to infinity of the following series

(i) 3+ %+l+ vrereeens0O

42

1.3 5 7

(i) =+ =+—+—+ ... o0
3 9 27 81

.3 5 7 9

(i) === +———+.....0
2 6 18 54

If the sum to infinity of the series
3+(3+d)1+(3+2d)i+ .......... ooisﬂ,findd.
4 42 9

If the sum to infinity of the series
1+2r+3r2+4r3+....is9/4, find r

Show that 24 x 41/8 x 81/16 x 16132 to o0 =2

Sum to n terms of some special
sequences

I

I

Sum of first n natural numbers

The natural numbers 1, 2, 3 .....nform an A.S.
n 1
Their sum = ) [214(n=1).1] = > n(n+1)

Sum of the squares of first n natural numbers

Let S=12+22+324+ .. +n’

We have X3 — (x=1)>=3x*-3x+1

Giving to x values 1, 2, 3, ....n, we have
1¥-0%=3.12-3.1+1
22-13=322-32+1
33-23=332-33+1

nP—(n-1)>%=3.n*-3.n+1
Adding, we get
n*=3(12+22+3%2+...+n?)=3(1+2+3+...+n)+n

3S=n3+gn(n+1)—n=%n[2n2+3(n+1)—2]

=%n(2n2+3n+1)=%n(n+1)(2n+1)
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S= %n(n+ 1)(2n + 1)

Sum of the cubes of first n natural numbers

LetS=13+23+33+...+n°

we have x* — (x —1)*=4x>—6x>+4x— 1

Giving to x values, 1, 2, 3, ....n, we have
1°-0*=4.1*-6.12+ 41-1
24—1%4=423-6.22+42-1
34-2%=4.3%-6.32+43-1

n*—(n-1)*=4.n*-6.n"2+4.n-1
By adding, we have
nN=4(13+23+33+....+n°) - 6(12+ 22+ 32+....+n}) +4(1+2+3+...+n)—n

1
or n4=4S—6.%n(n+1)(2n+1)+4.En(n+1)—n

4S=n*+n+n(n+1)(2n+1)-2n(n+1)
=n(n+1)(n"P—n+1)+n(n+1)(2n+1)—2n(n +1)
=n(n+1)(n"P-n+1+2n+1-2)=n(n+1)(n’+n)=n?(n+1)?

. [n(n+1)T
L2

Sometimes for the sake of convenience the sum of a sequence is also denoted by
putting the Greek letter 2. (Sigma) before its general term . For example, 1 + 2 + 3 + ... + n can be
written as >.n, 12+ 2% +..... #n?is denoted by >:n?and 13 + 23 + .... + n®* by 2n3. Thus, we have

nin+1)

Sn=1+2+...4n=
2

nin+1)(2n+1)
6

2
2nP=13423+ . +n?= {n(n - 1)}

dn?=12+2%+ ... +n?=

2

and, Ya=a+a+..+a=na
(n terms)

Proceeding as above, we have
n(n + 1)(6n3 +9n? +n- 1)
30
To find the sum to n terms of a given series of natural numbers, we may adopt the following
algorithm :

dnt=1%+2%+ ... +nt=

Write nth term of the given series.
Simplify nth term and express it as a polynomialinni.e. T,=an®+bn?+cn +d
Take the summation from 1 toni.e.
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éTk =a[ki1k3j + b{ékz } + c[ék} + kZ:d-

n n n
STEP IV Use the formulae for Zk, Z k? and Z k3 and obtain the sum.
k=1 k=1 k=1
lllustration 97

Sum up the following series 2.5 + 5.8 + 8.11 +..... to n terms
If T, denotes the nth term of the given series , then
Tn=(nthterm of A.P. 2,5, 8, ....) x (nth term of A.P. 5, 8, 11, ...)
=[2+(n-1)3][5+(n—=1)3]=(3n—-1)(3n+2)=9n?+3n—2.
Puttingn=1,T;=9(1%) +3(1) - 2
Puttingn=2,T,=9(2?) +3(2) -2

Puttingn=n, T, =9(n?) +3(n) — 2
Adding vertically,

Sn=9(12+22+...+n?)+3(1+2+..+n)—2n
) 9[n(n +1)(2n+ 1)} . 3[n(n + 1)} .
6 2

:—n(n+1)(2n+1)+%n(n+1)—2n

N|S NS NS NS N w

[B(n+1)(2n+1)+3(n+1)-4]

[3(2n2+3n+1)+3(n+1)-4]

[6n?+9n+3 +3n+3 -4

= —[6n?+12n+ 2]

Hence S,=n(3n?+6n+1)

lllustration 98

Find the sum ofthe series 1.2.3 + 2.3.4 + 3.4.5 + ... to n terms.
th =(nth term of 1, 2, 3...) x (nth term of 2, 3, 4...) x (nth term of 3,4, 5, ....)
=[1+(n—-1)x1][2+(n—1)x1][3+(n—1) x 1]
=n(n+1)(n+2)
or ta=n3+3n%+2n
Sh=2n®+3>n%>+22n
_n?(n+1)2 L3+ n@n+t) 2nn+1) n?(n+1)2 L Nn+1@n+1)
S 4 6 2 4 2

=W[n(n+1)+2(2n+1)+4] =M

+n(n+1)

(NP+n+4n+2+4)
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_ n(n+1)(n® +5n+6) _n(n+1)(n+2)(n+3)
4 4

lllustration 99

Find the sum of n terms of the series whose nth term is

(i)
(i)

(i)

(iii)

n(n + 3)
(n?+2")
n

Sn= > (k? +3K) [ ta=(n2+3n)]

X
Il

1

A5

—n(n+1)(2n+1)+3. 1n(n+1)

_\;r
||M3

=M _[(2n+1)+9]=§n(n+1)(n+5)

th=n2+2"

Puttingn=1, 2, 3, ...., n successively, we get

t1=12+21;
t2:22+22;
t3=32+23;

th=n%+ 2"
Adding column wise, we get
Sn=(ti+tr+.. +t) =(12+ 22+ +n3)+(2+22+ 23+

=[Zn:k2] {Zg 1)1)} —n(n+1)(2n+1)+2(

k=1

lllustration 100

Sum to n terms of each of the following series :

(i)
(ii)
(iii)
(iv)
(i)

1.2+23+3.4+45+.........
1.22+2:32+43.42+4.5%+ ...

1.3.5+3.5.7+5.7.9 + ...

324+524+72+92 +
nthtermof1,2,3,4,...=1+(n-1).1=n
nthtermof 2, 3,4,5,...=2+(n—-1).1=n+1

. Tn = nth term of the given series=n (n + 1)
ie. To=n%+n

Puttingn=1, 2, 3, ...., n and then adding

-1)

(1)

Ti+To+.. . Th=(12+1)+(22+2)+(32+3) +...+ (n?+n)

i.e, Sn=[12+22+3%2+...4+n?] +[1+2+3+...+n]
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S Yn?+Yn= n(n+1)f§2n+1)Jr n(n2+1)=%n(n+ ) +2).

The given series is
1.22+2.32+3.42+45%+ ...

nthtermof1, 2, 3,4, ... =1+(n-1).1=n
nth termof 2, 3,4, 5, ...... =2+(nh-1).1=n+1
: Tn = nth term of the given series
=n.(n+1)?
ie., To=n[n?+2n+1]
ie, Th=n®*+2n%’+n . (2)

Puttingn=1, 2, 3, ..., nin (2) and adding we get
Sh=2n3+22n%>+>n
_n?(n+1)>? L2nn+n@n+l) nn+1)
4 6 2
_ n(n+1)(n+2)(3n+5)
) 12
The given seriesis 1.3.5+3.5.7+5.7.9+ ......
nthtermof1,3,5,...=1+(n—-1)2=2n-1
nthtermof3,5,7,...=3+(n—-1).2=2n+1
nth term of 5,7, 9, ...... =5+(n—-1).2=2n+3
Tn = nth term of the gives series

=(2n—=1)(2n+ 1) (2n +3) = (4n*—1)(2n+3)
To=8n*+12n*-2n-3 7 . . (1)

Puttingn=1, 2, 3,4, ..., nin (1) and adding
Sh=8>n3+12>n>-2>n-3n

n?(n+1)? p MnAD2n41) 20+ 1)

4 ' 6 2

Sn=n[2n3+8n%+7n —2]

The given series is 32+ 52+ 72+ 92 + ....

nthtermof3,5,7,9,...=3+(n—-1)2=2n+1

Tn = nth term of given series

ie. To=(2n+1)?

ie. To=4n?+4n+1 .. (1)

Puttingn=1,2, 3, ...., nin (1) and adding, we get
Sh=42n*+4%Yn+n

- nin+1)(2n+1) N 4n(n+1)

6 2

ie., Sh=8. 3n

1
ie. Sn = +n= gn (4n?+12n+11)

lllustration 101

Show that

1x22 +2x32 +....+nx(n+1)2 3n+5
12 %x2+22x3+..+n?x(n+1) 3n+1

The nth term of the series 1 x 22+ 2 x 32+ ...+ n x (n + 1)?

=nx(n+1)2=n(n>+2n+1)=n®+2n%+n
1x22+2x3%+ ... +nx(n+1)?

=>n3+2>n%+2n
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2
_(n(n+1) +2 n(n+1)(2n+1)+n(n+1)
2 6 2
n(n+1)
12
n(n+1)(n+2)(3n+5) .
= — (|)
12
The nth term of the series
12x2+22x3+..+n’x(n+1)=n?x(n+1)=n3+n?
12x2+22x3+...+n’x(n+1)=2n3+2n?
_(n(n+1))? , nin+1(@n+1)
2 6
_(n(n+1)
12
n(n+1)(n+2)(3n+1) .
_ a(ii)
12
Dividing (i) by (ii), we get
1x22 +2x32 4+ _.+nx(n+N2 3n+5
12 x2+2%2%x3+..4n?x(n+1) 3n+1

n(n+ 1)

[Bn(n+1)+4(2n+1)+6] = (3n2+11n + 10)

n(n+ 1)

][3n(n+1)+2(2n+1)]= (3n2+7n+2)

lllustration 102

Show that the sum of the cubes of any number of consecutive integers is divisible by the sum of those integers.
Let the consecutive integers be

n+l,n+2,.... ,h+m.
Now (n+1)3+(n+2)3+...+(n+m)’
=(13+23+3%+..+(n+m)3) —(13+ 22433+ ... +n?)

_((+m)n+m+1)° “fnn£1))?
[ 2 J_( 2 j
and (n+1)+(n+2)+...o4 (n+m)
=(142+3+...+(h+m))—(1+2+3+..+n)
_ (n+m)(n+m+1) /n(n+1) (i)
2 2
Dividing/(i) by (ii) , we get

(n+1)3 +(n+2)3 +....+(n+m)3 _ (n+m)(n+m+1)+n(n+1)

(n+1+(n+2)+....4+(n+m) 2 2

_ 2n? 4+ 2mn+2n+m? +m

2
But for every m € N, m(m + 1) is always even integer
m(m + 1)

=n2+mn+n+M

is an integer = n+mn+n+

is an integer.

Hence the result.
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Sum to 20 terms the series 1.32+2.52+3.72+.... 20 terms
th =(nthtermof 1, 2, 3, ....) x (nthterm of 3, 5, 7, .....)?
=[1+(n=1)x1]x[3+(n—1)x2]?
=n(3+2n-2)?=n(2n +1)?
th=n(4n%+4n+1)=4n3+4n% +n.
Sn=4>n3+4>n*+>n
n?(n+1)? o4 NOED@0+1)  n(n+1)
4 6 2

=4 x

n(n + 1)(6n% + 14n + 7) [After simplification]

~ 1
6
Now putting n = 20, we get

S20= — (20)(20 + 1) (6 x 400 + 14 x 20 + 7)

x 20 x 21 x (2400 + 280 + 7)

x 20 x 21 x 2687 = 188090.

lllustration 104

Find the sum (S,) of 12+ 32+ 5% + .... to n terms.
tn=[1+(n—1).2]°=(2n—1)*=4n’-4n+1
Sn=2tr=2(4n°—4n+1)=42n*-4Xn+n

=4.%n(n+1)(2n+1)—4.%n(n+1)+n:%(4n2—1)

lllustration 105

Find the sum of all possible products of the first n natural numbers taken two by two.

1, 2,3, ..., nare n natural numbers.

The sum of all the products of first'n natural numbers taken two together

=12+13+.... +1.n423+2.4+ ... +2.n+3.4+35+....=S(say)

We have (1+2+3+.a.+n)2=(12+22+3%+....+n?) +2S
2S=(1+2+3+ ... +n)2—(12+22+3%2+ ...+ n?

. (n(n+1)

2
= J —%n(n+1)(2n+1)=% .n(n+1)(3n?+3n—-4n-2)

S= % .n(n+1)(3n?=n-2)= é .n(n+1)(n=1)(3n+2).

lllustration 106
13 13,23 13,23 ,33

Find the sum of 16 terms of the series : — + + + oo
1 1+3 1+3+5
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~ 1B +2343% 4. 4n® _ zns

" 1+3+5+..tonthterm n2

n2(n+1)2
- 4 1 221
—n—2—4(n+1) =7 (n*+2n+1)
Sn=%(2n2+22n+n)
=1 n(n+1)(2n+1)+@(n+1)Jrn
4 6 2

- M f2n? 4304 1)+ 60+ 1)+ 6)= " [2n? +on+13
24 24

16 = £(2x256+9x16+13) - 446.

Method of

Difference
Sometimes the nth term of a series can not be determined by the methods discussed so far. If a series is such that the
difference between successive terms are either in A.P. or in G.P., then we determine its nth term by the method of
difference and then find the sum of the series by using the formulas for 2:n, >n? and >n3.

Find the sum of the following :

(i) 1+3+6+10+15+....tonterms

(ii) 2+5+10+17+26 +...... to n terms

(i) Let Sh=1+3+6+10+15+ ...+ Tha+Tn /. ... (1)
and Sh=1+3+ 6+ 10 +............. +Toor+ T (2)

Subtract (2) from (1), we get,
0=1+2+3+4+5+ ...+ (To—Taz1) = Tn
Th=14+2+3+4+5+ .. nterms

ie., To=2n
e, T,= 4D
2
i.e T-l(n2+n) (3)
.c., n 2 e

Puttingn=1,2, 3, ....., nin (3) and adding
Sn= % [>n?+2n)

pe s, - | [n(n +N)(2n+1)  nn+ 1)}

i.e., Sn= % nin+1)(n+2)

(ii) Let $hn=2+5+10+17+26+1t,-1+ 1, (1)
and Sn= 2+45+410+17+.... +t,_1+t,. wee(2)
Subtract (2) from (1), we get

0=2+4+3+5+7+9+ ...+ (tn — toa)—tn
i.e., th=2+3+5+7+9+.... n terms
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i.e., th=2+[3+5+7+9+.... (n—1) terms]

ie., tn=2+(”7_1j [2.3+(n-2).2]

i.e., th=2+(n—-1)(n+1)

-(3)

ie. th= n?+1
Puttingn=1, 2, 3, ....,, nand adding
S, =Sni+n= n(n+1)(2n+1) n
6
n n
= —[(n+1)2n+1)+6]= —[2n*+3n+7].
6 6
lllustration 108
Find the sum to n terms of the series
(i) 1+3+7+15+.......
(ii) 1+5+14+30+......
(iii) 1+3+7+13+.......

(i)

(ii)

Let T, denotes the nth term and S,

then

Sn=1+3+7+15+...... +Tho1+Th

Again Sp= 1+3+7+....

(1) — (2) gives us
0=1+2+4+8+...... upto n terms —T,

= To=1+2+4+8+...uptonterms

n —
_1M -0
2-1
= T = 21 -1
T,=22-1
T3=2%3-1
Tn = 2I’1 - 1
on adding vertically downwards
202" -1)

Sn=(2'+22+ 234 ... +2") —n=
2-1

7

the

sum of. first /n

—n=2"*1_2_n.

Let T, denote the nth term and S,, the sum of first n terms, then

Sn=14+5+14+30+..... +Tno1+Th
Again, Sy'= 1+45+14+....
(1) =(2) gives us
0=1+4+9+16+..... upto n terms —T,
= Ta=12+22+32+ ... upto n terms.
CYn= n(n+1)6(2n+1)=1

= Sn= % [2>n3+3>n%+2n]

+Tn— 1+ Tn,

2n3 +3n2 +n

terms

of the given
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_ 1] 2n%(n+1)? L3+ N@n+) nn+) | n(n+1)2(n+2)

6 4 6 2 12
(iii) Let T, denote the nth term and S, the sum of first n terms, then
Sn=1+3+7+13+..... +Tho+ T (1)
Again, Sp= 1+43+7+..... +Thoe+Th, (2)
(1) — (2) gives us
0=1+2+4+6+......... upto n terms —T,

= To=1+ (2+4+6+....upto (n—1) terms)

=1+”T_1[2x2+(n—1—1)x2]

=1+ x2n=1+n’-n=n’-n+1
nn+N2n+1 n(n+1
= Sh=2n’=>n+n= (n+1n+1) _ n( +)+n
6 2
-n 2n? +3n+1-3n-3+6 _ n(2n2+4):2n(n2+2):n(n2+2)
6 6 6 3
lllustration 109
Sumtonterms3+7+14+24+37 +..... n terms
Sn=3+7+14+24+37 +..... +ih-1+tn (i)
and Sh=3+7+14+24+ ... +th_1 + th. (i)

Subtracting (ii) from (i), we get
0=(3+4+7+10+13 +....to nterms) —t,
or th=2+[1+4+7+10+13 +..... to n terms]

n n
=2+—=[2.1 -1).3]=2+ = [2+3n=3
+2[ +(n-1).3] t5 (24 3n=3]

= 2+g(3n—1):%(3n2—n+4)

Sn = % [3Xn2—2>n+24]

_ 1{3n(n+1)(2n+1) _n(n+1) +4n}

2 6 2
n(n+1 n(n+1 n2(n+1)+4n
_NED) g1 eon = MDD oo MY 440
4 2

lllustration 110
Find the nth'term and the sum to n term of the series 6 + 9 + 21 + 69 + 261 +......
Let Sh=6+9+21+69+261+.... +Tha+ T (1)
Again® Sn=  6+9+21+69+.. 4T+ To, .. (2)

Subtracting (2) from (1),
0=6+3+12+48+192 +...tonterms —T,
0=6+(3+12+48+192+....to(n—1) terms)—T,
34" 1)
4-1
=6+4"1-1
=5+4"1
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Sh=5>1+>4"m1
=5(1+1+.... +1)+(1+4+4%+...)

n n n
=5n+u=5n+4 -1 _ 15n+4" -1
4 -1 3 3
Find the sum to n terms of the series 1 + E + Z + E F orveeerens
2 4 8 16
Let S be the required sum, then
1 3 7 15
S= —+—+—+— +...... to nterms
2 4 8 16
= 1—1 + 1—1 + 1—1 + ..... Upto n terms.
2 4 8

1
=(1+1+1+....uptonterms)—(—+—+—+ ....... tontermsj

PRACTICE ASSIGNMENT VII

1. Find the sum of the series to n terms whose nth termis
(i)2n?-3n+5
(i) 2n*+3n? -1
(iiiy n3=3"
2. Sum the following series to n terms
(i) 3+15+35+63 +......
(i) 1+5+12+422 435 +......
(iii) 5+7+13+31+85+......
(iv) 3+549415+23+......
3. Find the sum of the following series to n terms
(i) 1.25+236+3.47. +....
(ii) 1.2.4+2.3.7 +3.4.10+......
(iii) 1+(142)+(1+2+43)+(1+2+43+4)+....
(iv) 3.8+6.11+9.14 +.......
(v) 12+ (12+29) + (12+22+3) +......
(vi) 1.3+35+57+....
(vii) 1.3.5+2.46+3.5.7 +......

(viii) 1+(1+1J+(1+1+1J+ ......
2 2 4

(ix) 1+(1+1J+(1+1+1J+ .........
3 3 9
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1+2 1+2+3
+ ——+—— 4
3
1 1
SR E——
1+2 1+2+3
1 1 1
+ + +
2x5 5x8 8x11
4, Find the sum of the series
56+6.7+7.8+.... to 25 terms
5. Find the sum of the series
22+ 52+ 8% +.....to 15 terms

(x) 1

(xi) 1+

(xii)

6. Find the sum to n terms the series
13 13423 13,2333
—+ + +o,
1 2 3
7. Find the sum of the series

103 +113 +123 + ... +203

8. If S1, S5, Ss are the sums of first n natural numbers, their squares; their cubes respectively, show that 98%=53(1
+ 851).

HARMONIC PROGRESSION

A series of quantities X1, X2, X3, ...., X» is said to be.in Harmonic Progression (or simply in H.P.) when their reciprocal

17 1 1 1 . . . . . . . . . .
—,—,—,....,— are in Arithmetic Progression. Conversely, if the quantities are in A.P. their reciprocals are in

X1 Xo X3 X
H.P.

1
—-arein A.P.
C

T | =

Ifa, b, carein H.P., then %,
Another definition. Three quantities a, b, c are said to be in H.P. if a: c=a — b : b — c. Any number of quantities are
said to be in H.P. when/every.three consecutive terms are in H.P.

Note 1. The above two definitions are identical, since one can be easily deduced from the other.

Note 2. Three is'no general formula for the sum of any number of quantities in H.P. All questions in H.P. are generally
solved by inverting the terms, and making use of the properties of the corresponding A.P.

Harmonic Mean (H.M.)
When three quantities are in H.P, the middle one is called the Harmonic Mean (H.M.) between the other two.

If a, H, b are in H.P., then H is the H.M. of a, b and l’ﬁ’g arein A.P.
a
1t 1.1 ,,2_1,.1_a+b
H a b H 'H a b ab
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2ab
or, (a+b)H=2ab,or,H=
a+b
If a1, a2, @3 ....., an are n non zero numbers, then the H.M. ‘H’ of these numbers is given by
1 1 1
— .. +
1 a7 ap an
H n

lllustration 112

2 2
If the 7*" and 10™ terms of an H.P. are respectively 5 and rE find the 1st and the nth terms of the H.P.

Let the first term and the common difference of the corresponding A.P. be respectively a; and d:

Clearly the 7th and the 10th terms of the A.P. are g and g
5
a1+6d= E (1)
and a1 +9d= g we(2)

Subtracting (1) from (2), 3d = %—g =1;

d= -
3
From(1),a1+6. 1=§,or,a1= §—2=1
3 2 2 2
nthtermoftheA.P.=a1+(n—1)d=1 +(n—1). 1_2n+1
2 3 6

Hence the first term of H.P. = 2 and the nth term'=
2n+1

lHlustration 113

Insert 4 harmonic means between 22 and 2.
Let hy, hy, hs, hs be the 4. harmonic means between 22 and 2. Then 22, hy, hy, hs, hs, 2 are in H.P.

Let d be the common. difference of the A.P.
Then 1 = 6™ term of the A.P. = 1 +5d,
2 22

or 1—i:Sd,or,Sd:mzi; .'.d:i
2 22 22 1 11
1 1 1 3 1 3 1 5
—=—+—:—’—:—+_:_
hy 22 11 22 h, 22 11 22
1 7 1 9

hs 22" hy 22
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Hence hi= 22 hy= 22 py= 22 h,= 22
3 5 7 9
lllustration 114

Prove that for any two real quantities, A.M. > G.M. > H.M.
Let A, G, H be the Arithmetic, Geometric and Harmonic means between a and b. Then,

we have
A= a+b,G :@,H: 2ab
2 a+b
an=23P 230 e
2 a+b
Again
2 2
A_G=a+b_\/a—=a+b—2\/£=(\/g) +(/b)? —2y/ab
2 2 2
_ 2
=Mzo [ (\a —4lb)? %0]

A > G, equality occurring only when a = b.
Againsince AH=G’=GxGandA>G; ..H<Gi.e., G>H.
CombiningA>Gand G>H,wegetA>G2>H.

lllustration 115
Ifp,qg,rareinA.P.,q,r,sarein G.P.andr, s, tin H.P.show. that p, r, t are in G.P.
We have p+r=2q (1)
gs=r* L Ll (2)
171 2
and -—+-== L (3)
r t s
From (3), _t+r_g'or,1:_t+r
n s s 2rt
2 2
From (2), q=r_:r2xM:tr+_r
S 2rt 2t
2 2 2
(tr+r°) r r
From (1), p¥+r=2x/——==r+—,or,p= —
(1), p ot " P=-
or pt=r?.Thisshows thatp, r, t arein G.P.

lllustration 116

The H.M. of two numbers is 4, their A.M. (A) and G.M. (G) satisfy the relation 2A + G2 = 27. Find the two numbers.
Let the two numbers be x and y. Then

2xy X+Yy
=H.M. =4, =Aand =G.
Xty 5 and /xy

i.e., xy=2(x+vy)
x+y=2Aandxy=G2. (1)
Now, 2A+G?=27, or,x+y+xy =27,
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or, (x+y)+2(x+y)=27 [By (1)]
or, 3(x+y)=27, or, x+y=9 (2)

18
From (1), xy =18,0r,y= —
X

18
From (2),x+ — =9, 0r,x*—9 +18=0,
X

or, (x—3)(x—6)=0; ;. X=3,6.
Ifx=3,from(2),y=9-3=6andifx=6,y=3.
Hence the two numbers are 3 and 6.

lllustration 117
. . . 11 1 5
Ifa,x,y,z,barelnA.P.,x+y+z=1Sandlfa,x,y,z,baremH.P.,—+—+—:§,flndaandb.
Xy z

a, XY,z barein A.P.; let d be the common difference. Then b = 5th term of the A.P.
=a+4d.

b-a b-a b-a
or d=——, ", x=a+ ,y=a+2.|——|,
4 4 4

z:a+3(¥J.Nowx+y+z:15.

or a+b_a+a+2 b-a +a+3b;a =15,
4 4 4

or w =15,0r,a+b=10 (1)
, . 11114 o _
Sincea,x,y,z bareinH.P.; .. —,—,—,—;= arein A.P. Let d’ be the common difference.
a xy zb
Then1=5thterm=1+4d',or,d'=_a_b
b a 4ab
1_1+a—b_4b+a—b_a+3b
X a 4ab 4ab 4ab
1 1 a-b) 2a+2b
y a 4ab 4ab
1.1 a-b) 3a+b
z -a 4ab 4ab
1.1.1°5 a+3b 2a+2b 3a+b 5
Now —+—+—=—or, + + >

x'y z 3’ 4ab 4ab 4ab 3
or 9(a +b)=10ab, or,ab=9
Solving (1) and (2), wegeta=1,b=9 ora=9,b=1.

Practice Assignment VI
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Find the 20th term of the H.P. : 1,

2
If the 4th and the 7th terms of an H.P. are g and g respectively, find the first and the nth terms of the H.P.
(i) Insert 4 harmonic means between 20 and 5.

6
(ii) Insert 6 harmonic means between 3 and z

If the pth, qth, rth terms of an H.P. be a, b, ¢, respectively, prove that (q—r) bc+(r—p)ca+(p—qg)ab=0
a-b a a a .

= —, —or — respectively.
b-c a b ¢

If a%, b% c?arein A.P., prove thatb +c, c+a,a+ b arein H.P.

Prove that a, b, care in A.P., G.P., or H.P. according as

If b is the H.M. between a and c, prove that
1 1 1 1

b-a b-c a c
Ifa,b,carein A.P.;b,c,darein G.P.;andc, d, e are in H.P. ; prove that ¢* = ae.
Ifa, b, carein G.P.; a*=b"Y=c? prove that x, y, zare in H.P.
Find two positive numbers such that their A.M. is 10 and G.Mis 8. Also find their H.M.
If A be the A.M. and H the H.M. between two numbers a and b, prove that
a-A b-A_A
a-H b-H H

Rana travels from Delhi to Chandigarh with a uniform speed of u km/hr and returns from Chandigarh to Delhi

with a uniform speed of v km/hr. Show that his average speed is the harmonic mean between u and v.
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The second term of an A.P. is (x —y) and the 5% term is (x+y), then its first term is:

1 2
a) Xx— — b X— —
(a) 3V (b) 3V
4 5
c)x— — d)x— =
(c) 3 y (d) 3 y
If 7th and 13th term of an A.P. be 34 and 64 respectively, then its 18th term is:
(a) 87 (b) 88
(c) 89 (d) 90
If 1 , 1 and 1 are in A.P. then:
p+q q+r r+p
(@) p, g, rin A.P. (b) @2 p? r?arein A.P.
(c) p?, o r*arein A.P. (d) p, g, rin G.P.

The maximum sum of the series

20+ 191+ 182+ 18 + ... is:
3 3

(a) 310 (b) 290
(c) 320 (d) none of these
The four numbers in A.P., such that their sum is 50.and greatest of them is 4 times the least, are :
(a) 7, 11, 15, 19 (b) 6,11, 16, 21
(c) 5, 10, 15, 20 (d) noneof these
The sum of all two digit numbers which when divided.by 4, yield unity as remainder, is:
(a) 1100 (b) 1200
(c) 1210 (d) none of these
If the sum of n terms of an A.P. is 3n%2— n and its common difference is 6, then its first term is
(a) 2 (b) 3
(c)1 (d) 4
If S, denotes the sum of n.terms of an A.P., then Sn+3—3Sn+2 + 3S 1 — Sn =
(a)0 (b) 1
1
(c) 2 (d) 2

A polygon has 25 sides, the lengths of which starting from the smallest side are in A.P. If the perimeter of the
polygon is12100 cm and the length of the largest side 20 times that of the smallest, then the length of the
smallest side and the common difference of the A.P. is:

1 1
(a) 8cm, 6=cm (b) 6 cm, 6—cm
3 3
1
(c) 8 cm, 5§ cm (d) none of these
The largest term common to the sequences 1, 11, 21, 31, .....to 100 terms and 31, 36, 41, 46,...to 100 terms is
(a) 381 (b) 471
(c) 281 (d) none of these
If x, 2y, 3z are in A.P., where the distinct numbers x, y, z are in G.P., then the common ratio of the G.P. is
1
a)3 b) —
(a) (b) 3
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1
c)2 d) —
(c) (d) >
n 2
Ifs, = z1+2+2 +....tontermslthen s, is equal to
n=1 2"
(a) 2" ~(n +1) (b)1- -
2n
1
()n-1+ — (d)2n-1
2n

Three numbers are in G.P., whose sum is 70, if the extremum be each multiplied by 4 and the-mean by 5, they

will be in A.P. The numbers are

(a) 10, 20, 40 (b) 10, 30, 40
(c) 20, 30, 40 (d) none of these
Three numbers are in G.P. If we double the middle term, we get an A.P. Then the common ratio of the G.P.
equals :
(a)2++/3 (b) 3 ++/2
(c)3 +5 (d) none of these
What will be quadratic equation in x when the roots have arithmetic mean A and the geometric mean G?
(a) X2+ 2Ax +G*=0 (b) x*+G*x +A=0
(c) x*-2Ax +G*=0 (d) x>+ Gx+A=0
The sum of the series 0.4 + 0.004 + 0.00004 +.....to oo is:

11 41
@ %5 T

40 2
(c) 99 (d) 5
The nth term of a G.P. is 128 and the sum to its n terms is 255. If its common ratio is 2, then its first term is :
(@)1 (b) 3
(c) 8 (d) none of these
The sum of (x +2)" 1 + (x + 2)"2(x + 1)+ (x +2)"3(x + 1)? +.....+ (x +1)"* is equal to
(a) (x +2)"2 = (x + 1)" (b) (x +2)" 1 —(x + 1)1
(c) (x+2)"—(x +1)" (d) none of these

1
Sum of all terms of aniinfinite G.P. is g times the sum of odd terms. The common ratio is

(a)2 (b) 3
4
c) —— d)5
(c) 5 (d)
The sum of .n terms of the series 1 + 1 + iz +...is less than 1.999. The greatest value of nis
2

(a) 10 (b) 11
(c)9 (d) none of these
Ifx=a+a/r+a/r+..... o0
y=b—b/r+b/rr—...... o
z=c+c/rP+c/rt+..... o0
then the value of xy/z is equal to

ab bc
(@) — (b) —

C a
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(c) % (d) none of these
IfS =2 + § + & + @ +....... to n terms, then the value of S is equal to
3 9 27 81
(a)n£1—iJ (b)1—i
3" 3"
n

(c)2—1(2j (d)n—1[1—i]

2\ 3 2 3n

Iog\/g(l+l+—+ ....... j
The value of (0.2) 4816 is
(a) 4 (b) log 4
(c) log 2 (d) none of these
If a, b, c are three unequal numbers such that a, b, c are in A.P..and b—a, c-b, a are in G.P., then
a:b:cis
(a)1:2:3 (b)1:3:5
(c)2:3:4 (d)1:2:4
If three positive real numbers a, b, c are in A.P. such that abc =4, then.the minimum possible value of b is
(a) 23/2 (b) 22/3
(C) 21/3 (d) 25/2
Sum of the series1+2 +4 +7 +..... + 67 is equal to
(a) 150 (b) 230
(c) 298 (d) 340
The sum of the series
1 1 1 .
—t——t—=—+..... upto o« is
35 57 79
(a) 1/6 (b) 1/3
(c)1/2 (d)5/6
The sum of 0.2 + 0.004 +0.00006 +.... «© is
(@) 220 (b) 229
891 9801
(c) @ (d) none of these
9801

Sum of the'series 1 + 3 +7 +15 +31 +... to n terms is
(a) 2"=2-n (b) 21+ 2 +n
(c)2n1-2—n (d) none of these

Sum of the series

1+2.2+43.22+4.2%3+....+100.2% is

(a),100.2%%° + 1 (b) 99.2%00 + 1
(c)99.2% -1 (d) 100.21 -1

Given that n arithmetic means are inserted between two sets of numbers a, 2b and 2a, b,where a, b € R.
Suppose further that mth mean between these two sets of numbers is same, then ratio a : b equals

(aJn-m+1:m (b)n—-m+1:n
(c)m:n—-m+1 (dn:n—-m+1

If tn denotes the nth term of the series 2 + 3+ 6+ 11 +18 + ....... , then tsg is
(a)49%-1 (b) 492
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(c) 502 +1 (d) 49%2+2
The sum of the products of the ten numbers = 1, £2, £3, +4, 5 taking two at a time is
(a) 165 (b)-55
(c) 55 (d) none of these
R 2 21
It is known that Z— =—, then Z— is equal to
2 2
r=1(2r-1) 8 r=1"
2 2
T e
a) — b) —
(a) 4 (b) 3
Tc2
(c) 3 (d) none of these
The next term of the sequence 1, 5, 14, 30, 55, ...is
(a) 95 (b) 90
(c) 85 (d) 91

The age of Rahul is twice that of the Ramit added to four times that of the Rohit. If the geometric mean of the
ages of Ramit and Rohit is 443 and their harmonic mean is 6, then Rahul’s-age is (assuming that Ramit is elder

than Rohit)
(a) 35 (b) 40
(c) 45 (d) 50
If the first two terms of an HP be 2/5 and 12/23 then the largest positive term of the progression is the
(a) 6th term (b) 7th term
(c) 5th term (d)8th term
If k arithmetic means uj, Uy, Us,...., Uk are inserted between 40 and 800 and k harmonic means vi, V2, Vs ...... , Vk
are inserted between the same two numbers, then u3 vi_» is equal to
(a) 4000 (b) 32?)0
(c) 32000 (d) @
Ifa, b, c € R*then be + ac + g is always
b+c a+c a+b

1 1
(a)£2(a+b+c) (b)z3 abc
(c)Sl(a+b+c) (d)z1 abc

3 2
logs 2, logs 2, log1, 2 arein:
(a) A.P. (b) G.P.
(c)H.P. (d) none of these.
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SEQUENCE & SERIES

ANSWERS
Practice Assignment — |
1. (i) 65, 93 (ii) % (iii) 729 (iv) %
2. (i) 3,11, 35,107, 323; 3 +11+35+107 +323 + en...ee..
(i) -1, _—1,_—1,_—1,_—1;—1+ _—1 + _—1 + _—1 + _—1 o
2 6 24 120 2 6 24 120
(iii)2, 2,1, 0, -1; 2+2+1+0+(-1)+......
(iv) 1, 2, E,E and §
23 5

28,70, 98
A=58,B=44
10. 5
11. 101
12. 10
13. 8
14. (i) 1002001 (ii) 2754000
15. 37570
16. ...
17. (i) 459 / 676
18. (i)7:16 (i) 179:321
19. ..
20. 5o0r20
21. ...
22 —(5n+7)
23. 2q
24, ﬂ
321
25. n=102,331
26. Rs 245
27. 9
28. 300
29. 900
30. 27
31. Rs. 7900000
32. 4

Practice Assignment — 11
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1. 1,7,13
2. 5,10, 15, 20
3. 75°, 85°, 95°, 105°
4, 2,4,6,80r8,6,4,2
5. 2,4,60r6,4,2
6. e
T. s
8.
9.
10. 7,10, 13, 16
. 3123 6119 0153 121
' 848’284’ 8
12. 1
13. 6
14. m=14
15. 852
16. 20 months
17. Rs. 16680
18. Rs. 39100
19. 25 days
20. ...
Practice Assignment — III
5 5
1. —_
220 2n
2. 3072
3. .
4, —2187
s 1t
2 2
6. (i) 13t™ (ii) 212 (iii) 9"
7. +1
8. 5
9. ...
10. ..
M. (i) 2 [Le (0.1 (ii) ﬂ(ﬁﬂ)[
6 2
12. 3/5
13. r=§org;Termsare 2,1,§0r§,1,g
2 5 5 2 2 5
14. 4
15. E;Z;E(Zn -1
7 7
16. 2059
17. 22810  ora-816,-3264,
3 3 3

32q (iii)

[1-(-a)"]

1+a
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20.

21.
22.
23.
24,
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
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5,8,12
(i) %[10n+1 ~10 - 9n]

L2 1
(ll) E[Qn— 1 +F]

22+ 3 (3tioq)
2

120, 480, 30 (2")
Rs 500 (1.1)°
Rs. 43690

Practice Assignment — IV

1.

© N oo

423
() 25o
999
70711
(i) mane
33300
3,3, %
816

+

1080 m
108 cm, 108 v/3 cm?
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Practice Assignment — V

1' 9/3/1/1/1ai
3’927
2. 8,4,2,1, 1
2
3. %, 8,12, 18, 27
4. (i) 4 (ii) a%b? (iii) =4
5.
6. e
7. 40,10
8. o
9. .
10. .
1,
2
12 ...

13. x2—16x+25=0

Practice Assignment — VI

1
1.

(1-x)?
2. 2

-1
3 1 +3x(1—x" ) . (3n~2)x"
1-x (1-x)? 1=x

. 1 n 1

(II) 6— 2n_3 {14‘5—2—2}

1 n—

(iii) E[—1+(4n—1)(-1) 1]
4, (a) 44/9 (b) 1 (c) 15/16
5. 2
6. 1/3

Practice Assignment — VII

2
1. (i)g(4n2—3n+23) (ii)g(n3+4n2+4n—1)(iii) [@} —%(3”—1)
2
N0 ~ . ne(n+1) 1 n _
2. (i) 3(4n +6n-1) (ii) > (|||)2(3 +8n-1)
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(iv) %(nz +8)

3. (i) %(n +1)(3n?+23n + 34) (ii) % (n+1)(9n?+ 25n + 14)
(i) %(n+1) (n+2) (iV)3n(n+1)(n +3)
v) %(n+1)2 (n+2) (vi) %(4n2 +6n—1)
(vii) %n (n+1)(n+4)(n+5) (viii) 2n—2 + o
.3 1 1 1
(|x)§{n—§(1—3—nj} (X)Zn(n+3)

L 2n . n

) i) SEn+2)

4, 8950

5. 10455

6 n(n + 1)(n+ 2)(3n + 5)

' 48
7. 42075
8. ..

Practice Assignment-Vill

1. 1/58
2. 2%

2n+1
s ()25 100 50 100 686 36 3

2 117717 541171710
10. 16, 4; g

5

Objective Assignment
1 D 11 B 21 A 31 C
2 C 12 C 22 D 32 D
3 B 13 A 23 A 33 B
4 A 14 A 24 A 34 C
5 C 15 C 25 A 35 D
6 C 16 C 26 C 36 B
7 A 17 A 27 A 37 C
8 A 18 C 28 B 38 C
9 A 19 C 29 C 39 A
10 D 20 A 30 B 40 C
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